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Abstract 
We derive time-asymptotic decay rates in L 2 for large disturbances to some important classes of solutions of the Cauchy 
problem for a number of uniformly parabolic equations, provided only that the disturbances belong to appropriate L p spaces 
at initial time. Examples considered include the scalar nonlinear advection--diffusion equation 
u, + f(u)x =(b(u)ux)x 
and the parabolic system 
u, + (u~o(luI)).~ = (B(u)ux)x, 
where u(x, t) ¢ R ~, ~0 is a given scalar function and B(u) is a uniformly positive-definite diagonal matrix. (~) 1999 Elsevier 
Science B.V. All rights reserved. 
Keywords: Nonlinear stability; Decay rates; L 2 estimates; Uniformly parabolic equations; Cauchy problem; Diffusion 
waves; Rarefaction waves 
I .  In t roduct ion  
One of the basic questions concerning systems of conservation laws is the large time behavior of 
disturbances to certain fundamental c asses of solutions, like shocks or traveling waves, expansion 
waves and equilibrium or constant solutions. Under appropriate assumptions, these waves are non- 
linearly stable, and disturbances decay time asymptotically provided that they are sufficiently small 
(in an appropriate sense) at initial time. For example, considering the parabolic system 
ut + f (u ) r  = (B(u)Ux)x, 
where u(., t) deviates at t = 0 from a given constant solution, which, without loss of generality, we 
assume to be the zero state, a detailed description of the asymptotic behavior of u(-, t) as t --+ c~ 
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has been given when the Jacobian matrix f ' (u )  is completely hyperbolic [3, 4, 13], provided u(., 0) 
is small enough to satisfy 
F lu(x,O)l(1 + Ix l )~  + (lu(x,O)l 2 + I,,x(x,O)l~)dx ~< 6, O(3 043 
for 6 << 1. Here, u(x, t) denotes an m-dimensional vector of unknown quantities (ul(x, t) . . . . .  blm(X , t)), 
f(u(x,  t)) is a vector function giving the flux of the conserved variables at the location x and time 
t, and B(u) is a positive-definite viscosity matrix describing the viscous dissipation present in the 
system. In particular, we get from their results the estimate 
Ilu(., t)IIL2(R) = O(t-'/4), (1) 
where the decay rate t -1/4 is optimal, since solutions can be found which decay exactly at this rate 
[4]. Using much weaker assumptions on the initial data, we derive this estimate here for a class of 
systems which includes 
u, + (u~o(lul))x = (B(u)~,~)x, (2) 
where ~o is a scalar function and B(u) is a positive-definite diagonal matrix for all values of u 
concerned. This is possible due to the particular structure of the solutions of (2). One example is 
the rotationally invariant system [7, 18] 
(3) 
where # is a positive constant. The inviscid form of Eq. (3) was considered in 1979 by Keyfitz 
and Kranzer in connection with the elastic string problem in elasticity [14]. This system has also 
been studied in one-dimensional multiphase flow [12, 17], magnetohydrodynamics [1, 6] and more 
generally in continuum echanics as a basic model for the propagation of plane waves in isotropic, 
multidimensional systems [1, 2]. For these and more general systems like (2), we show in Section 2 
that 
[lug t)IIL~(R) ~ C(1 -I- t) -'/4, (4) 
whenever u(-, 0)C L l (R)N L2(~), however large, where C is a positive constant which depends only 
on the magnitude of Ilu(.,0)llL,~) and Ilu(.,0)llL~(~), the dimension parameter m and/~ > 0 such that 
(¢B(u)#)~, l# l  2 ve;~ []~m (5) 
for all u concemed. Thus, the solution u = 0 of Eq. (2) is asymptotically stable under arbitrarily large 
disturbances in L~(~)A L2(R). A similar property is shown to hold for the scalar advection-diffusion 
equation 
u, + f(u)x = (b(u)Ux)x, (6) 
where b(u) is positive. Given an arbitrary initial state u(. ,O)EL~(R)NL~(~),  it is shown in 
Section 3 that, for any t > 0, 
Ilu(.,t)llL2(a) ~<C(1 + t) -1/4 (7) 
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for some constant C which depends only on the magnitude of Ilu(.,0)IIL,(   and and 
# > 0 such that 
b(co)>~# for Io)I~<Ilu(-,0)IIL~(~>. (8) 
Finally, in Section 4, we simplify the analysis in [19] to establish a similar result for the time decay 
in L2-norm of arbitrarily large disturbances to scalar rarefaction waves in case of a quadratic flux, 
i.e., Burgers equation [5, 10]. This time we are concerned with the large time behavior of solutions 
of the initial value problem 
ut + f (u)x  = u,~, (9a) 
u(x, O) = Uo(X), (9b) 
where 
f (u )=au 2 + bu + c (10) 
and the initial profile u0 is a bounded measurable function connecting two given constant states v± 
at +ec, in the sense that 
~ lu0(x)  - v_ [dx  < cc  ( l la )  
and 
f +~ v+[ dx < ( l lb )  luo(x) m oo. 
We denote by N(v_, v+) the space of all such functions, i.e., all u0 ELm(N) for which both integrals 
in ( l l a )  and ( l lb )  are finite. In (10), we assume for definiteness that we have a > 0, so that our 
interest here is the case when 
v_ < v+. (12) 
Taking an initial state v(-,0)E ~(v_,v+) which is monotonically increasing, the corresponding so- 
lution v(x,t) of problem (9) will stay monotonic in x for all t > 0, see, e.g., [19], and is called a 
(viscous) rarefaction or expansion wave. Hence, associated with (9)-(12) above, we consider the 
problem 
Vt -~- f(V)x = Vxx, (13a) 
v(x, O) = Vo(X), (13b) 
where Vo E N(v_, v+) is monotonic. Thus, we may regard the initial state u(.,0) as a perturbation of 
v(.,0), 
u(x, O)= v(x, 0) + q(x), (14) 
where the disturbance r/ satisfies 
q E L'(R) NL~(N),  (15) 
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but is otherwise arbitrary. Under the conditions above, the solution u(., t) is shown to converge to 
the rarefaction wave v(., t) as t ~ c~, with 
I[u(., t) - v(., t)l[L~(~) < C(1 + t) -1/4, (16) 
where the constant C depends only on the magnitude of [[qI[Lt(R) and II IIL ( ) and a > 0 is given in 
(10). Thus, like the previous examples, the rarefaction waves (13) exhibit asymptotic stability in L 2 
with respect o arbitrarily large disturbances over their initial profile, provided that they are bounded 
and integrable. This is also true for other LP-norms, p > 1, as can be shown using standard energy 
methods to estimate I lux(. ,t)-  v(.,t)llL~(~ once the results of Section 4 have been proved. We note 
that the L~-stability was first shown in [11], without a decay rate. Indeed, they showed that 
[[u(. , t) -  r(.,t)llL~m)--,0 as t~cc ,  (17) 
where r(x, t) is the self-similar, entropy solution of the inviscid problem 
rt + f ( r )x  = 0, (18a) 
r(x,O)= {v_, x<O,  
v+, x > O. (18b) 
When f is quadratic, a very detailed description of the viscous waves u(.,t) has been given [9], 
which yields 
Ilu(', t) - r(-, t)IIL.(R~ = 0(1 )t -'/2+'/2p. (19) 
This can be generalized to more general flux functions using the methods given here and in [8] to 
estimate Ilu(., t) - v(., t)llL,m~ and IIv(., t) - r(., t)llL~m), respectively, yielding in the case of convex 
flux the estimate 
Ilu(., t) - r(., t)]lL~m) = O(1 )(log t)l/2+l/2pt - l/2+1/2p. 
In what follows, we will derive the estimates (4), (7) and (16) adapting the discussion in [18- 
20] to our present needs. In particular, we will extend the argument in [18] to the more general 
systems (2), and make use of (10) to give a direct derivation of (16) which is much simpler than 
the general treatment considered in [19]. (One should note, however, that for a general convex 
flux f the derivation given here would require the additional condition that the disturbance r/ be 
sufficiently small in L1(R).) This approach avoids many technicalities which are dealt with in the 
references above and brings out more clearly the similarities in the analysis for each case. As to 
the notation used in the text, boldface characters will always denote vector quantities, while capital 
letters will be usually reserved for matrices. A symbol like Cd will denote a constant whose value 
depends on a set of parameters pecified by the list d ;  distinct references to the same constant 
symbol will not necessarily imply the same numerical value, so that we will write 2C~ again 
as C~, and so on. Also, we will often use subscripted variables to indicate differentiation, as in 
U t = Ou/dt, f(U)x = (~3/Ox) f (u(x ,  t)), and so forth. 
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2. A class of parabolic systems 
We will consider in this section the L 2 decay of disturbances to the equilibrium solution u = 0 of 
the parabolic system 
u, + (u~o(lul))~ = (B(u)Ux)x, (20) 
where q~ denotes a continuously differentiable scalar function, x E R, t > 0, u(x, t) is the vector of 
unknowns (re(x, t),... ,Urn(X, t)), and B(u) is an m × m diagonal matrix which is uniformly positive 
definite, i.e., 
B(u) = diag {bi(u), i = 1,.. . ,  m}, (21a) 
b~(u)>~# Vi= l, . . . ,m (21b) 
for all u E ~m, where # is a positive constant. The initial state u(.,0) is any Lebesgue measurable 
pulse with finite mass and energy, i.e., u(.,O)ELI(~)AL2(R), and we let K > 0 be sufficiently 
large so that 
Ilu(.,0)llL,(~ + Ilu(.,0)llL2(~)~K. (22) 
Under these conditions, we will show in this section that there exists a positive constant C, ,  
depending only on the parameters ~ = {m,K,#}, such that 
Ilu(., t)llL2¢~)~< C~(1 +/)-1/4 (23) 
for all t > O. We will prove this estimate in the following way. First, we note that the solution 
operator of (20) is Ll-contractive, i.e., we have 
Ilu(., t)llL,~) ~< []u(., 0)IIL,~R ) (24) 
for any t > 0, where 
I[u(',t)IIL,(R) = Ilul(',t)llL,(~)+"" + Ilu..(',t)llL,~R) 
and similarly for Ilu(.,0)llL,¢~). In fact, more is true: Eq. (20) is Ll-contractive in each component 
ui(.,t) individually, i.e., Ilu~(.,t)llL,(~)~llu,(.,O)llL,(~) for all t>  0 and i=  1,2,. . . ,m. This can be 
proved in a standard way as in [8, 15], but for convenience of the reader we will briefly review the 
argument. Taking a regularized sign function L~ (see, e.g., [15, 19]), we multiply the ith component 
of Eq. (20) by L~(u~(x, t)) and integrate the result over R × [0, T] to get, after a few integrations 
by parts, 
/ _~ L6(m(x,T))dx + ]rT ]r+~ L6(u~(x,t))bi(u(x,t))" (Oui~ 2 dx dt 
f_--co FT F+c~ ~X = ~ L6(ui(x,O))dx + Jo J-e~ L 6~(ui(x't))ui(x't)q~(tu(x't)l)dxdt" 
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Since bi(u) is nonnegative, we then have 
J7 /7 La(ui(x, T)) dx <~ La(ui(x, 0)) dx oc  
i,r f+o~ Oui 
+ Jo J -~ L'a' (ui(x' t ) )ui(x' t )-&x ~P(lU(X' t )l ) dx dt" 
Letting 3 --+ 0, we get Ilui(', T)I[L,<~) ~< Ilui(,, 0)[IL,<R), as stated, since 
fo r/_+~L'a'(ui(x,t))ui(x,t)~x~o(lu(x,t)l)~ at --+ 0 
by Lebesgue's dominated convergence theorem, which concludes the derivation of inequality (24) 
above. Another property which can be easily derived is the following energy estimate: 
Ilu(', 2 fo r T)IIL2~R) + 2~ [IOu(',t)l122~R~dt<<-llu(',O)l12~), (25) 
where 
i=1  
and 
JJDu(',t),I~:(R): ~ ~x(',t) 2La(~ ) 
i= l  
In fact, multiplying the ith component of (20) by ui(x, t), integrating the result over ~ × [0, T] and 
summing from i = 1 to m, we get, after a few similar computations, 
+~jui(x,T)12dx + 2~_~ r +o~ (Oui~2 
~:~ o~ ,:~a0 a-~b i (u (x ' t ) ) \& J  dxdt 
: +e~IUi(x,O)[2 ~ + ~0(lU(X, t)l) ui(x,t)] 2 dxdt, 
t 1 ~ "= 
from which we immediately get (25), since 
~ f_~ ~(lu(x,t)l)~lui(x,t)? dx =O. (26) 
i= l  
In order to get a decay rate for [lu(.,t)llL=<R), we multiply the ith component of Eq. (20) by (1 + 
t)ui(x, t) and integrate the result over R × [0, T], which gives, summing from i = 1 to m, 
/F (1 + T) M(x, T)I 2 dx 
oo 
+2 (1 + t)J_ ~ b,(,mt)) ~, ax / 
- -oo  i=1  
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= lU(X, O)l 2 dx + t r ,  [u(x,t)l 2 dxdt f f
vc JO J --cxD 
so that, in view of (21) and (26), we have 
/o' (1 + T)IIu(.,T)II2L2(R)dt+2# (1 +t)llDu(.,t)ll2L2(R)dt 
~< Ilu(., 0)112~> + Ilu(., t)ll2L~(m at. (27) 
Using the elementary Sobolev inequality 
2/3 (~Ui 1/3 
HUi(', t)I]LE(R )~ Cllui(., t)llL,(~> ~x (, t) 
L2(gR) '
we get from (24), 
1/3 
Ilu(-, t)llL2(~> ~< Cm, K [IOu(', t)llL~(m 
for each t > 0, where Cm.K denotes a constant which depends only on m,K. Hence, we obtain from 
(27) the estimate 
/o (1 + Z)llu(., Z)ll~(m + 2~ (1 +t)llDu(.,t)ll~2(mdt 
fO T 2/3 ~< Ilu(-,O)ll2~) + Cm,K IIDu(',t)llL~(m dt. (28) 
Since, by H61der's inequality, we have 
~0 2/3 ~ T)l/3 LIDu(.,t)HL~(~> dt 2(1 + (1 + t)lIDu(.,t)ll2~R) dt , 
we see that, setting 
for(1 (29) r ( r ) - -  (I + r)llu(., T)llb(~> + + t)llDu(.,t)ll2,(mdt, 
we get from (28) that 
Y(T)<~Cx{1 + (1 + T)I/3y(T) 1/3} 
for some constant Car which depends on oF= {m,K,p} given in (21) and (22). This immediately 
gives 
r(r)<.c~(1 + T) ~/2 (30) 
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for some suitable constant C~- which, again, depends on JT" = {m,K,p}. Recalling the definition of 
Y(T) given in (29) above, we then have 
(1 + r ) l lu( . , r ) ] [~ ) + (1 +t)llOu(.,t)ll~)dt<<.C~.(1 + T) ~/2. 
A little more generally, given a > ½, if we repeat the derivation above using (1 + t) ~ instead of 
(1 + t), we will arrive at the following result. 
Theorem 1. Let u(x, t) be the solution of Eq. (20) corresponding to an initial profile u(.,0) in 
LI(~)nL2(R).  Then, given any a > ½, there exists a constant Co, x (depending only on tr and 
JT" = {m, K, #} given in (21) and (22)) such that 
(1 + T)~llu(., + (1 + t)~[lDu( .,t)llL~)2 at <<. C~,ar(1 + T) ~-'/2 
for every T > O. 
3. The scalar advection-diffusion equation 
In this section we will establish by a similar argument the L 2 decay of solutions u(x, t) of the 
equation 
u, + f(U)x : (b(u)ux)x, (31) 
where u(., 0) is an arbitrary bounded, integrable pulse on the real line, i.e., 
u(., 0) E L ~ (~) N L°~(~). (32) 
Similarly to (21) above, we assume in this section that 
b(u)>~# (33) 
for all u concerned, where # is a positive constant. Under these assumptions, we will derive the 
estimate 
]lu( -, t)IIL2(R )~< C(1 + t) -1/4 (34) 
for all t > 0, where C is a constant which depends on p and the magnitude of ]]U(',0)]IL,(R) and 
I]u(., 0)IIL~(~), referring the reader to [20] for the corresponding analysis in the n-dimensional case. 
Given u(.,0) in La(~)NL°~(~), we let K > 0 be large enough such that 
Ilu(., 0)llL ( ) + Ilu(., 0)llL ( ) (35) 
It is well known that, for any t > 0, u(x, t) satisfies the maximum principle [16] 
flu(', t)llL~(~) ~< Ilu(-, 0)IlL-m) (36) 
and the L~-contractive property 
Ilu( ", t)IILI(R) ~< Ilu(', 0)IIL,(~, (37) 
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which can be established in a way similar to (24) above. In order to show (34), given T > 0 
and o-> ½, we multiply (31) through by (1 + t)~u and integrate over ~ x [0, T] to get, after a few 
computations, 
f~  f r (1  fo~ (1 + T) ~ lu(x,r)12 dx + 2 + t) ~ b(u(x,t))uZ(x,t)dxdt 
0<3 0(3 
/ /o" /5 = +~lu(x ,o) ladx+o (1 +/)o- I  lu(x,t)12dxdt, O~ 0(3 
so that, using (33), we obtain 
~0 T (1 + T)~Ilu(.,T)II~2¢~)+2p (1 -t-t)"llDu(.,t)[12L,.~)dt 
~< Ilu(-, 2 fy  0)IIL2(~) + Io1 (1 + t) "-' Ilu(., t)ll~2(~)dt. (38) 
From (35) and (37) and the Sobolev inequality 
2/3 1/3 u(., t) L2(~) ~ Cllu(', t)l L,(~)IIDu(', t)llL2¢~, 
we get 
1/3 
Ilu(, t)llL2(m ~< CK IIDu(', t)llL:(~), 
where CK is a constant which depends on K. Hence, (38) yields 
{jo } ~<C~,,~ 1 + (1 +t)~-~llDu(.,,~U2/3 .]llL2(e) dt , (39) 
where C~,g is a constant which depends only on o- and ~= {K,/~} given in (33) and (35). As in 
the previous ection, we use H61der's inequality to get 
r( 1 (for ),/3 J0' 2/3 T)(2"- l)/3 +t)~-~llDu(.,t)llL~(mdt~C~(1 + (1 +t)°llDu(.,t)ll2L~(~)dt , 
so that, from (39), we obtain 
(1 + T)~llu( ., r)ll~¢~ + (1 + t)~llDu(.,t)ll2L~(~)dt 
<.C~.g 1 + (1 + T) (2"-t)/3 (1 + t)"[]Du(.,t)[[2L~(mdt . 
Proceeding as in (29) and (30), we immediately get (34) and the following result. 
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Theorem 2. Given a > ½, the solution u(x,t) of (31)-(33) satisfies, for  all T > O, 
(1 + r)~llu(., r)ll~2(~) + (1 + t)~lIDu( ., t)ll~(R)dt, 
<~C~,~(1 + T) ~-~/2 
for  some constant Co,.~ which depends only on a and j~ , r  {K,#} given in (33) and (35). 
4. Rarefaction waves 
Let f be the quadratic function given in (10), where we assume a > 0, and that u(x,t) is the 
solution of the initial value problem 
u, + f(U)x = Uxx, 
u(x, O) = vo(x) + ~(x), 
(40a) 
(40b) 
where v0 is a monotonically increasing profile connecting two given constant states v_ < v+ as 
x~ + c~, so that (11 ) is satisfied, i.e., 
and 
f) Ivo(x) - v- I  dx < oo, (41a)  
f0 +~ ]v0(x) - v+ I < c~. (41b) dx 
The disturbance q is assumed to be bounded and integrable, qcL I (R)AL~(R) ,  but is otherwise 
arbitrary. As before, we take K > 0 sufficiently large so that 
IlqllLl(=) + IIqlIL~(R)~<K. (42) 
Associated with (40) above, we consider the initial value problem 
v, + f(V)x = vxx, (43a) 
v(x, O) = Vo(X). (43b) 
Because v(., 0 )6  ~(v_,  v+) is monotonic, it is well known (see, e.g., [19]) that v(-, t) stays monotonic 
for all t > 0, and is called a (viscous) rarefaction or expansion wave. Moreover, v(-, t) satisfies 
1 [IVx(.,t)llL~(~)<~-- Vt > 0, (44) 
at 
where a=f" (v ) ,  see (10), so that the rarefaction wave flattens out at a linear rate as t increases 
[19]. Another important property is given by 
Ilu(.,t)- V(',t)IIL'(~)~I[~tIL'(R) vt > o, (45) 
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since the solution operator of (40) is Ll-contractive [8, 19]. Under the conditions above, it will be 
shown in this section that the solution u(-, t) converges in L2(R) to the rarefaction wave v(.,t) as 
t ~ oo, with 
Ilu(., t) - v(., t)[lL~(m ~ Ca, x(1 + t) -'/4 (46) 
for all t > 0, where C~,x denotes a constant which depends on a and K. Once (46) has been proved, 
it would be easy to derive by standard energy methods the more general estimate 
Ilu(., t) -- v(', t)ll , R) Ca.K(1 + t) -1/2+1/2p 
for each 1 ~< p ~< ~ and t > 0, where Ca, K depends on a, K but not on p. Hence, the rarefaction 
wave (43) is asymptotically stable in LP(I~), p > 1, with respect o arbitrarily large disturbances q,
provided only that r/belongs to LI(R)NL°~(R). For a generalization of this result to an arbitrary 
convex flux f ,  we refer the reader to [19]. In the sequel, we will establish (46) following an 
argument similar to that used in the previous sections. Setting 0 = u - v, we get, subtracting (43) 
from (40), that 0 satisfies 
0t + [flx = 0xx, (47a) 
O(x, O) = q(x), (47b) 
where 
[f]  - f(O + v) - f (v) .  (48) 
Multiplying (47a) by (1 + t)~O, where a > ½, and integrating the result on • x [0, T], we obtain, 
after a few integrations by parts 
(1 + Z)°ll0(-, T)II 2( ) + 2 (1 + t) llOx(.,t)ll 2(R)dt 
= II0(, 0)II  ¢R) + ~r (1 + t) ° - '  II0(.,t)ll 2¢ )dt 
f0r(1 f f+~ -2  + t) ~ O(x, t)[f]x dx dt. (49) 0(3 
Since 
O(3 
O(x, t)[f]x dx ---- f_~o~ 
oo 
O(x,t)(f'(O + v)(Ox + vx) - f'(V)Vx)dx 
O(x, t)[f']v~ dx + O0~f'(O + v) dx, 
oo 
we get, using (10), 
f roo l+oo 
O(x, t)[f]x dx = a O(x, t)2Vx dx, 
(X3 J--~ 
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so that we can write (49) as 
(1 + T)"[[0( ., T)II~=¢~ + 2for(1 + t)~llOx(.,t)il2L~¢~ dt 
= IIO(., o)11~2¢~ + (a + a) (1 + t) ~-' II0(', t)ll~2¢R)dt. 
As in the previous ections, we use the Sobolev inequality 
II 0(., t)llL=(~)~< cII 2/3 1/3 0(., t)llv<~)II 0x(., t) IIv(~), 
together with (42) and (45) to get 
fo fT  2/3 ~( l+t )~- ' l l o ( . , t ) l l~c~ (l +t)~-liio~(.,t)llv<~dt, 
which gives, as before, 
/o (/0 r(1 +t)~-~llO(.,t)ll2~(R)dt<<.C~,~(1 + T)  (2a-1)/3 (1 -+-t)~[[Ox(.,t)[l~(R)dt) 1/3 
for some constant C~,K which depends on a and Jt~= {a,K}. Thus, recalling (50), we obtain 
fo r t ~ 0 2 (l+Z)°llO(.,z)ll~<~>+ (1+) I t  ~(.,t)lb(~)dt 
~<C~,ar 1 -4- (1 -4- r )  (2a-1)/3 (1 + t)~llOx(.,t)ll2~(,)dt/'/3 . 
Proceeding as in (29) and (30), we then immediately get (46) and the following result. 
(50) 
Theorem 3. Let v(x,t) be the rarefaction wave (43) corresponding to an initial, expansive profile 
Vo c ~(v_,  v+), and let Uo = Vo + q where the disturbance r 1 is a bounded, integrable function. Then 
the solution u(x,t) of  (40) satisfies 
/o (1 + r)°llu(.,r) - v(',T)ll~2<~> + (1 + t)~llux(.,t) - Vx(.,t)l[22¢a)dt<.C~,.~(1 + T)  a-I/2 
for some constant C~,~ which depends only on a and ~ = {a,K} given in (10) and (42). 
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